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Ordered-fluid phase transitions of methylphosphatidic and phosphatidic acid bilaycrs are discuaxd thcorctically to explain 
comprehensively various observed data in the presence of Ca’+ or protons. It is shown that the obscwcd data can be explained 
reasonably by taking account of the interaction among neighboring head-groups with the aid of Ca’- or protons. As a result. a 
quantitative explanation is given for the dependence of the phase-transition tempcraturc on pH as well as Ca’- concentration 
with the coexistence of monovalent cations. The dependence of the cooperativity of the transition on pH and monovalent 
cation concentration is also welt explained. It is also pointed out that. in the ordered-fluid phz.e transitions. a hysteresis. 
metastabk state and phase separation can be expected to appear under some conditions. 

1. Introduction 

Recently Eibl et al. observed a transition be- 
tween fluid and ordered phases of lipid mem- 
branes for MPA (methylphosphatidic acid) and 
PA (phosphatidic acid) and found anomalous in- 
creases of both the transition temperature T, and 
the cooperativity of the phase transition around 
pH 3 [l-3]. The anomalous increase of T, is attri- 
buted to a change in the hydrogen-bonding energy 
between a protonated lipid and a single-charged 
lipid in the ordered-fluid phase transition [l-3]. 
The theory based on this mechanism [3] provides a 
good explanation of the observed increase of T, at 
values of the degree of dissociation a near 0.5. It 
is, however, desirable to account for the observed 
dependence of T, on pH for any vaIue of LY. 
Furthermore, a quantitative exphuration has not 
been provided for the observed tendency that the 
cooperativity of the phase transition in PA de- 
creases with increasing pH or the concentration of 
monovalent cations. 

These works by Eibl et al. seem to show us a 
useful suggestion on the behavior of T, in some 
lipid bilayers in the presence of divalent cations 
such as Ca2+. So far, the observed increase of 7; 

due to the addition of divalent cations ha? been 
attributed mainly to two kinds of effects: an en- 
hancement of the screening of repulsion among 
head groups and an adsorption of divalent cations 
on membrane surfaces resulting in a reduction of a 
surface charge 14-151. These kinds of effects can- 
not cause resultant values of T, to exceed T,‘, 
which is defined as the value of K when the lipids 
have no net charge. In the presence of Cazi, 
however. the observed maximum value of T, is 
48°C for MPA [4,5,7], while the T,’ of MPA is 
42OC [3]. As a result, an explanation of the above 
data due to electrostatic effects has been carried 
out by adopting trial values of 48OC for T,’ and 
12.3 A’ for the increase of tbe molecular surface 
area at the transition [7], whereas the observed 
vafues are 42°C and 6 A2 f3,7]. It seems, therefore, 
to be necessary for a quantitative explanation of 
the behavior of rjr, in the presence of Ca” [4,5,7] 
to assume some kind of strong binding between 
neighboring head groups with the aid of Ca’” , as 
proposed by Eibl et aI. [l-3] for the case of the 
presence of protons. 

In addition, a phase separation was observed 
for some lipids either in the presence of Ca” or 
between pH 2 and 3 [1,2,45,7]_ If an increase of 
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electrostatic energy due to a charge inhomogeneity 
is only taken into account, however, a theoretical 
investigation leads to the definite conclusion of an 
impossibility of the phase separation [4,7]. This 
also suggests the possibility that there is some kind 
of strong binding of Ca” to head groups. 

The purpose of this paper is to attempt to 
explain comprehensively the accumulated ob- 
served data for MPA and PA under the basic 
assumption that Ca” and protons form a bridg- 
ing between neighboring head groups. Only the 
change in such a bridging energy contributes to 
the increase of T,, as pointed out by Eibl and 
Woolley [3]. The remaining constant part of the 
bridging energy, on the other hand. can be incor- 
porated into the usual adsorption energy, so that it 
does not contribute to T, but to the degree of 
adsorption of ions. Furthermore, it may be possi- 
ble to consider this constant p&t-t to be equivalent 
to the adsorption energy in itself in some cases, 
e.g., the interaction between divalent cations and 
lipids with a negative charge of unity. In this 
paper, therefore, we denote the changeable part of 
the bridging energy in the ordered-fluid phase 
transitions as “chelation energy” for convenience, 
and regard the constant one as a part or the whole 
of the adsorption energy. 

With the aid of the same set of values of 
parameters, we get the following results. First, the 
dependence of Tt on pH and monovalent cation 
concentration as well as on Caz’ concentration in 
the presence of monovalent cations is explained 
quantitatively_ Secondly, the dependence of the 
cooperat:vity of the transition on pH and monova- 
lent cation concentration is explained well. Fi- 
nally, it is shown that the appearance of hysteresis, 
metastable state and phase separation can be in- 
terpreted in a fairly reasonable manner by in- 
troduction of the above chelation energy. 

2. Free energy 

To describe an ordered-fluid phase transition 
of lipid bilayers, let us assume that Ca’+ -chelated 
lipids or proton-chelated lipids are mixing ran- 
domly in free lipids, except for the case where a 
phase separation occurs. Then the phase transition 

can be described by the order parameter 5 defined 
as the fraction of hydrocarbon chains in the dis- 
ordered or fluid state. When protons or divalent 
cations are adsorbed on polar head-groups of the 
lipids, the degrees of adsorption are defined as 

6, = %,/IL17 fori=Hor2, (1) 

where lrbi and [LJ are the numbers of the bound 
i th cations and lipids, respectively_ The equations 
for describing 5 and the 0, can be derived by 
minimizing the free energy of the system with 
respect to e and the Sj, together with the equations 
deduced from the Poisson-Boltzmann equation at 
a given temperature T_ 

In this paper. the Gibbs free energy of the 
system is assumed to be a function of 5, 0, and the 
temperature T, given by 

G(S,@,;T) = G,(<;T) + G,1(5,@j;T) 

+%,(S.@i;T)- (2) 

The first two terms on the right-hand side of eq. 
(2) correspond to the usual free energy in the 
absence of chelation, which have been used by 
Trauble et al. ]4-6,161 and Payens [ 171. The non- 
electrostatic part of the free energy is denoted by 
Go, and G=, represents the electrochemical free 
energy which is given as the sum of the electro- 
static and dissociation energies ior a simple charg- 
ing process [16,17]. The last term, ECh, designates 
the chelation energy which is a changeable part of 
the bridging energy in the ordered-fluid phase 
transition. 

Detailed expressions of these terms as functions 
of 5 and the 0, will be discussed below. 

2-l. Non-electrostatic free energy 

Various theories have been proposed to de- 
scribe the phase transitions of non-charged lipids 
(cf., e.g. refs. [18-201). Expressions for the free 
energy used in these theories, however, seem to be 
unnecessarily complicated for describing the ef- 
fects of both the electrochemical and chelation 
energies in terms of ,$ and @,. In this paper, there- 
fore, a mean-field theory [21,22] is applied for 
describing the non-electrostatic free energy. 

Then the non-electrostatic Gibbs free energy 



per molecule may be given by 

GO = --ASX -[c,(l -#+E&’ 

+2%5(1 - 01 

+k,T[,$In&+ (1-c) In(1 -.$)I +PAd. 

(3) 

with k, denoting the Boltzmann constant_ In the 
above expression, the first term represents the 
thermal motion of hydrocarbon chains, where AS 
is the change in entropy in the ordered-fluid 
phase transition_ The terms in the second part with 
the coefficients cii represent the energies due to the 
van der Waals interaction among lipids. where i or 
j specifies one of the ordered and fluid states of 
lipid molecules_ The third part is the entropy 
stemming from a random mixing of ordered and 
fluid lipids. The last term is the difference between 
the Helmholtz and Gibbs free energy, where P and 
d are pressure (1 atm) and the thickness of mem- 
brane, respectively, and A is the molecular surface 
area given by 

A=A,+<AA. (4) 

with A, representing the surface area for the 
ordered state and AA the increment due to the 
change from the ordered to the fluid state. 

Eq. (3) can be reduced to a simpler form with 
the neglect of a trivial constant term as 

G,, = (T,’ - T) AS&+(c-4)’ 

+k,T[SlnC+(l -&I) In(1 -t)]. (5) 

with the definitions of T,’ and c: given by 

r,O =(AS)-‘(r, -cIT) (6) 

and 

e=2(c,,++ -2r,,). (7) 

The contribution of the term PAd to To is omitted 
in eq. (6) due to the negligibly small value of 
PdAA. 

The ordered-fluid phase transition for non- 
charged lipids can be described by minimizing Go 
with respect to 6, and the result gives T,’ as the 
transition temperature. Particularly for values of c 
larger than 4 in units of k,T, the phase transition 

is known to be of the first-order type 1211. Since 
sharp transition curves are obtained for many 
lipids in the absence of monovalent and divalent 
cations [3-8.12-16,201. the parameter E is expected 
to be a positive quantity of about 4k,T. 

2-Z Electrochemical free energ, 

(a) Proton-chelated lipids. 
When Ca’- is not contained in the sample. the 

electrochemical free energy per molecule for a 
charging process is given by [6.16.17] 

IA 
I 

-_(~/.-l)(~--B,i)+(0) do. 

0 
(8a) 

where K, is the dissociation constant determined 
by the standard chemical potential containing the 
constant part of the hydrogen-bonding energy. 
[H “1 the proton concentration far from the 
surfaces of lipid bilayers. e the positive elementary 
charge, CJ the surface charge density. and + the 
surface potential_ Integration of the Poisson- 
Boltzmann equation gives the following relation 
between a$ and ci [ 15,16,23] 

IJ = (2~,k,T/=)“‘& sinh($+); (9a) 

here E,,. is the dielectric permeability of water. 11, 
the monovalent cation concentration far from the 
surfaces. and Q is defined by 

+ 3 e+/kBT. (10) 

(b) Ca’--chelated lipids. 
In the presence of both monovalent and diva- 

lent cations, we are interested only in the circum- 
stances near pH 8. In this situation, protons are 
fully dissociated and Ca’? can bind simulta- 
neously to two lipids with one negative charge 
[4,5,7,24]. Th.._l the electrochemical free energy per 
molecule is given by 

-+A J 
-(r/.4)(1 -z!e:, G(a) da, 

0 
(gb) 



where Kz is the adsorption constant of Ca’+, 11~ 
the Cazi concentration far from the surfaces and 
A is given by eq. (4). The relation between $J and u 
can be determined in the same way as in case (a) 
and is given by [23,25] 

(I = - (c&aT/2z)” e+/‘( e-* - 1) 

X [PI, + n,(e-* + 2)]“‘. (9b) 

2.3. Chelation enerm 

(a) Chelation with the aid of protons. 
The energy per molecule for the chelation pro- 

cess through protons is assumed to be 

EC!& = -4cH(1 -<)%,(l -On), (lla) 

where cH is the change in the hydrogen-bonding 
energy at 0, = l/2 fr om the ordered to the fluid 
phase. In the above expression, the simple depen- 
dence of EC? on 8, is introduced according to the 
suggestion by Eibl and Woolley [3], since the 
structure of lipid membranes is known to be the 
most stable if half-protonated [l-3]. The simplest 
form is also assumed for the .&dependence accord- 
ing to the fact that the hydrogen bond is weakened 
with the increase of the spacing of neighboring 
head groups. 

(b) Chelation with the aid of Ca” _ 
The chelation energy for this case is assumed to 

be given by 

EC= = -4+( 1 - .$f?-& ch (lib) 

where the parameter c2 expresses a change in the 
bridging energy at Bz = l/2 in the ordered-fluid 
phase transition. The above expression is derived 
from the idea that the chelation energy reaches the 
maximum value when the lipids are ordered thor- 
oughly and half-bound by Ca” _ The dependence 
on B, reflects the cooperative nature of chelation 

[7]- 

3. Transition temperature and cooperativi@ 

The equilibrium values of 5 and 0, can be ob- 
tained by minimizing eq. (2) with eqs. (3)-(11). 
Let US, however, calculate at first a differential 
form of G=, with respect to .$, since it is not easy to 

see immediately due to a coupling with the Pois- 
son-Boltzmann equation. Differentiating GE1 with 
respect to .$ leads to the following form: 

-ac,,/a<=n,, AA. (12) 

In the above expression. the electric surface pres- 
sure Tf, [ 16.173 is given by 

(13) 

through the relation between A and ,$ in eq. (4) If 
eq. (9a) or (9b) for the surface charge density c is 
substituted into eq. (13), we get [23,25] 

IIf: = 4kJq -‘\I;;; [cosh(frp) - 11, (144 

or 

with the abbreviations 

(14b) 

r=lrr/n2, (15) 

n( r&) =[ 1 + (2 + r) e+J”‘, 

q s ( Qc,T/2re’)-“Z, (16) 

Eq. (14a) can also be derived by putting r _ cc in 
eq. (14b). In the above equations, Q is determined 
from eq. (19) given below describing the equi- 
librium_ 

Then the equilibrium values of & and the Oi can 
be obtained by minimizing G given by eq. (2) with 
respect to them. The results for case (a) are given 

by 

5-I = 1 +exp{[(T,” -T) 4S-~((-4) 

-8r,(~-11)8,(1--eH)-nl:AA]/k,T}, 

(17a) 

a=l-eH= {l+t[H’l/K,) 

Xexp{[-e++4cn(l -_5)2(1 -2e,)],k,T}}-I, 

(W 



where a (“- 1) is the degree of dissociation_ Simi- 
larly the results for case (b) are given by 

6-l = 1 +exp([(T,‘- T) AS-r(.$--$) 

-8G($-- 1>e, -FI,SJAA]/kBT). (17b) 

ix= l-28, = (1 -+K,iZ, 

Xexp{[--2e+ -?- %,(I - ~)‘&]/k,T} } -‘. 

tlSh1 

In the above expressions, KIz and IlF are given 
by eqs_ (14a) and (14b), respectively_ Expressions 
(18a) and (1Sb) are reduced to familiar forms 
17.161 when rH and z2 are put tc zero. Further- 
more, the degree of dissociation OL is connected 
with + by the relation: 

ty = - fAfe)a(+), (19) 

with e given by eqs. (9a) and (9b). It is, therefore. 
possible to calculate .$, f?, and Q at each temper- 
ature for each case from eqs. (17). (18) and (19) 
with u given by eq. (9). 

To obtain the transition temperature T, As a 
function of pH or n2, we have only to put 5 = l/2 
in eqs. (17a) and (17b), and the results are given 

by 

T, = T,’ - (AS)-‘[@AA -4+.&$.& -#,)]. 

for case (a), GOa) 

T, = T,’ - (AS)-‘@2 AA -44e&]. 

for case (b), (20b) 

where the hat specifies the quantity defined at 
g= l/2. In the limits of cH = 0 and z2 = 0, the 
above expressions coincide and equal that used 
frequently so far [l-7,16]_ In these limits, however. 
T, decreases with the increase of the ionization of 
head groups, contrary to the observed tendencies. 

In figs. 1, 2, 3 and 4, the calculated results are 
compared with the experimental data for MPA 
and 1, 2-DMPA [3,7,16& In fig. I, the value of N, is 
specified only as lower than 1 mM 131. We, there- 
fore, regard these data as the ones performed for 
RZ~ = 4 X 10 -4 M, since they shift slightly more to 
lower pH than the data for R, = 2 X 10 -4 M in 
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Fig. 3. fhc dependence of TX on pH and the Na- conc~‘ntra- 
rion. Experiment data [ 161: I for 2X IO-’ M. x for ZX 
10 -’ M1. A for 1X IO -z! M and 0 for 0.7 M. The parametcr~ 
used for rheore;ical curves are those of fig. I. The curve xvithout 
chelation for 0.7 M is shown by a dashed line. Further dccreasc 
of pH for each Na- concentralion will dccrcasc T1 in a similar 
way as in fig. 1. since maximum 7,-s are obtdned at 01*0.5. 

fig. 3, and furthermore even rough selection of II, 
does not lead to a serious change in the theoretical 
curves. The total concentration of Ca“ is denoted 

Fig. 4. The dependence of T, on the Ca’” coxentration under 
the coexistence of 11~ ~0.2 M. Experimental data for MPA [7] 
are marked by 0. The solid line is a theoretical curve for 
c2 = 187.5 cal/mole and values for the other parameters as in 
fig. 1. The theoretical curve for E? =O is shown as a dashed line. 

by [Ca”] in fig. 4, in distinction from the con- 
centration of Ca’- far from the surfaces of bi- 
layers zr2_ The difference between [Ca’” ] and 11~ 
cannot be neglected when [Ca’- j is as low as the 
lipid concentration [L], due to the adsorption of 
Ca’- _ According to Woolley and Teubner [7], 
therefore, we estimate [Ca’* ] by adding fL]&, to 
n2 in the range 0: [Car’ ] G 2 X LOB4 M, with the 
aid of eq. (AL) for &, in appendix 1. As for the 
monovalent cations like Naf , on the other hand. 
they are scarcely adsorbed (cf., e.g. refs. [16,23]), 
and furthermore the cation concentration accu- 
mulated in the electric double layer may be ne- 
glected in the situation where Ca” or protons are 
adsorbed_ We, therefore, do not distinguish be- 
tween the total concentration of Nat and the 
concentration far from surfaces n,, even for con- 
centrations as low as = 2 X lo-” M. 

The parameters for MPA are chosen as AS = 
17.5 Cal/mole deg [3], K, = 0.3 M - ’ [7], AA = 
8 #, A, = 40 ii2 [3,7], T,’ = 42OC 133, K, = 
IO-' M, l n = 185 Cal/mole 131, and e, = 1875 
cal/mole. Among the parameters for I,2-DMPA, 
AS and A, are chosen to have the same values as 
above, and the others are chosen as AA = 5.12, 
T;O = 45°C 111. & = lO-‘.a M and in = 250 
cal/mole 133. The above values of AA are nearly 
the same as the observed value = 6A’ for MPA 
f3]_ The values of the non-electrostatic temperature 
7;’ are taken as the one at a = 0 observed in much 
lower pH regions [ 1,3]. The values of en agree well 
with the rough estimate by Eibl and Woolley j33. 
The dissociation constant for MPA is chosen so as 
to reproduce well the dependence of T, on both 
pH and n, in fig. 3, in a similar way to Tr%uble et 
al. [16], besides the fact that maximum T, corre- 
sponds to a = 0.5 [l-3]. For 1,2-DMPA, I& is 
chosen to have almost the same values as for 
MPA. The value of Q for Cat’ -chelation does not 
differ from zn for proton-chelation, which seems 
to be reasonable since the maximum T, is = 48OC 
for both cases. 

In figs. 1-4, the theoretical curves obtained in 
the absence of chelation are also shown as dashed 
curves for reference. The curves indicate clear 
deviations from the observed data, except at pH 
8.5 where the effect of proton-chelation can be 
neglected because a = I_ The agreement between 



our theory and the observed results, on the other 
hand, is satisfactory, except near neutral pH for 
I,ZDMPA- The discrepancy in this region may be 
attributed to the tilting of hJ&ocarbon chains 
accompanying a further iorization [1,2]. 

Now let us discuss the cooperativity of the 
phase transition with the aid of the expressions 
given above *_ Gencrahy the cooperativity of the 
phase transition can be estimated from the average 
size of domains forroed by like-molecules, which is 
termed the size of the cooperative unit in ref. [2]. 
As the cooperativity is enhanced, the phase- 
transition curve is expected to be sharper, and 
approaches the first-order type ]20-223. 

If the free energy of the system in the present 
theory is expanded in powers of E as 

where S, is the mixing entropy, a, is defined by 

u, = --a”(G+ X&,)/a<” ]+a- (22) 

Expressions (5) and (11) contain no higher-order 
terms than t3, and the electrochemical energy of 
eq, (Sa) is composed of only negligibly small terms 
of the order of .$” for IZ Z= 2, as shown below. In the 
present case, therefore, it seems reasonable to de- 
fine the value of a7 as the cooperativity of the 
phase transition, since a more positive value of (x-, 
makes the transition curve sharper [21,22]. 

Let us first investigate the effect of the elec- 
trochemical energy without Caz”, or the effect of 
charge of head groups, on the cooperarivity of the 
phase transition. Let a$ and u$ denote the terms 
contributing to az obtained from the differentia- 
tion of G, in eq. (5) and G=! in eq. @a), respec- 
tively_ Under a high potential approximation 
[ 16,231 they are given by 

o_ a2 -E, 123) 

a$ = _ -4k,(K,/gZdJ,[Hi])“3n:/3 

x 1 ( -(~~A~/27~Z[Hf])1’3n:/3) (AA)‘. 

(24) 

* According to Wooilcy. the coopemtivity is very poorly repro- 
ducible because of some unknown factors. 

Since Q is positive as already mentioned, a: is 
positive and the phase transition is rather coopera- 
tive for non-charged lipids_ The cooperativity a$ is 
negative, on the other hand, because the second 
term in the braces in eq. (24) is smaller than unity. 
This implies that the cooperativity decreases with 
an increase of the charge of head groups accompa- 
nying that of pH and lr,_ As a result, the phase 
transition is expected to be gentler for charged 
lipids than for non-charged lipids, in accord with 
experiments [ 131 and theoretical explanations hy 
Forsyth et al. {26]. The electrochemical effect, 
however, seems to be quite small, since a$ is only 
of the order of lo-” k,T. Higher-order terms such 
as Iaf ] are negligibly small even compared with 
a:, and hence do not affect the phase-transition 
curve very seriously. 

Next, let us discuss the dependence of the coop- 
erativity on pH and rz, in the presence of chelation 
with the aid of protons. It has been observed that 
the cooperativity decreases drastically with an in- 
crease of pH and also with addition of monovalent 
cations 121. A second differentiation of the free 
energy for this case is given by 

a2 = a4 + a: + ash”, (25) 

where a: and a;’ are expressed by eqs. (23) and 
(24), respectively, and agh is derived from eq. (1 la) 
and given by 

a$ = SCuBu( I - Bu)_ (26) 

Fig. 5. The dependence of the cooperativity on pH tind the 
I%- concsntration. The CUNCS for I.?-DMPA arc shown by a 
dotted line for rr, = 10e3 M and a solid line for #rl =O.l M. 
with the parxneters of fig. 1. 



The value of u;~ at 5 = l/2 are plotted in fig. 5 
against pH for two values of )I,_ since a: is inde- 
pendent of both pH and tr,, and ICI;’ 1 is negligibly 
small compared with uSh_ It can be seen that the 
tendency agrees well with the observed data for 
the changes in both pH and )I,_ Tn the present 
theory. therefore, the decrease of the number of 
hydrogen bonds is the main cause of the decrease 
of cooperativity with increasing pH and n,. 

Lastly. we mention qualitatively some causes of 
the hysteresis and metastable state observed in 
some lipid systems [1.5,6,10.13,16,27]. In doing so, 
the following three observations may be of inter- 
est: one is the observation that hysteresis does not 
occur in non-charged lipids but does occur in 
charged ones [16,27]. T’he second is the sigmoid 
relaxation of the order parameter in PG (phos- 
phatidylglycerol) layers with T-jump in the pres- 
ence of Ca” [lo]. The third is an increase of the 
area of the hysteresis loop for MPA with an in- 
crease of the Mg’+ concentration at high pH [5,6]. 
Since the hysteresis and metastable state are known 
to occur as a result of an enhancement of coopera- 
tivity of the phase transition [21,22,28-301, the 
above-mentioned three phenomena are expected to 
be related strongly to an enhancement of coopera- 
tivity through some mechanisms. 

From the present theory, phase-transition curves 
of 1,2-DMPA can easily be calculated with the aid 
of eqs. (9) and (17)-( 19) e.g., in the case of the 
absence of Ca” _ The result gives the largest hys- 
teresis loop around pH 3 because of the formation 
of hydrogen bonds, but gives almost reversible 
curves around pH 1. This result agrees w.ell with 
the experimental observations for 1,2-DMPA: the 
phase transition curve is reversible at pH 1.8 (cf. 
fig. 2 in ref. [ 11) and widths of the hysteresis loop 
defined at 4 = l/2 are = 2°C [5] and = 1°C [1,5] 
at pH 3 and 4-4.5, respectively. As pH is further 
increased, the area of the hysteresis loop again 
increases and reaches a maximum value at Q = 1.5 
[4,5], which seems to be related to the tilting of 
hydrocarbon chains [ 1,2]. There is, therefore, a 
large possibility that the main origin of the hyster- 
esis and metastability in the presence of divalent 
cations is the enhancement of cooperativity 
accompanying chelation with the aid of divalent 
cations. 

4. Phase separation 

It has been shown experimentally [4,5,7] that an 
excess step appears in the phase-transition curve 
when n, is lower than lo-‘M or so in the pres- 
ence of Ca?’ concentrations lower than or com- 
parable to the lipid concentration. When n, 
becomes higher, the excess step disappears for any 
concentration of coexistent Ca” [7]. From these 
observations, it has been suggested [7] that a mixed 
state of two kinds of domains appears between 
lower Tt and higher T,, where one domain is 
composed mainly of fluid-like, Ca’+-free lipids 
and the other consists mainly of ordered Ca”- 
bound lipids. 

In spite of the above experimental facts. exist- 
ing theories do not predict the appearance of such 
a phase separation [4,7,16]. In these theories, how- 
ever, the excess entropy of the boundary energy 
resulting from the coexistence of two kinds of 
domains are omitted and, furthermore, the chela- 
tion energy is not taken into account. The purpose 
of this section is to show that the present theory 
taking account of the chelation energy does pre- 
dict the appearance of the phase separation under 
the above experimental conditions. To do so, the 
value of the Gibbs free energy G, describing a 
homogeneous state is compared with the value of 
G, for the mixed state of Ca*+-free and Ca’?‘-rich 
domains. Then one can conclude that a phase 
separation occurs within the temperature range 
where G, is lower than G,. 

As for G,, the expression of the Gibbs free 
energy introduced in the previous sections can be 
used. Then the value of G, can be estimated from 
eq. (2) together with eqs. (5), (Sb) and (1 lb) by 
inserting equilibrium values of &,, 8?,, and $J,, ob- 
tained by solving eqs. (9), (17b), (18b) and (19). In 
this process, the integration in the second term of 
eq. (8b) is transformed to 

(27) 

where IiF is given by eq. (14b). 
The Gibbs free energy per molecule G, describes 

the situation where a phase separation occurs be- 
tween the Ca” -free domains with a small fraction 
of Ca**-chelated lipids and the Ca*‘-rich do- 



mains composed mainly of Caz+-chelated lipids, 
and hence is given by 

+R,T[Pln5+(1 -c) 141 -S)] 

+A-K,(&&0- (28) 

In this expression, the subscripts r, fr and b 
specify the Ca” -rich domains, Ca’l -free domains 
and surface boundaries between neighboring do- 
mains, respectively. The fraction of lipids belong- 
ing to the Ca*+-rich domains is denoted by I_ The 
free energies per molecule of the Ca”-rich and 
Ca’+-free domains, G, and G,, are assumed to be 
given by the same form as eq. (2). The third term 
represents the excess entropy resulting from a ran- 
dom mixing of two kinds of dcmains. The last 
term represents the energy of surface boundaries 
between neighboring domains and is given by 

AEi=c,TS-l/*X-‘[I + (AA/A,)&,]-‘, (29) 

A--’ = 1-t (s~/c,)(e’/k,T)A,n,, (30) 

where z, is a parameter measuring the strength of 
the boundary energy and A, is the value of the 
molecular surface area A at T,. A detailed deriva- 
tion of eqs. (29) and (30) is given in appendix 2. 

To estimate the value of GS. equilibrium values 

of 5, 5,. &,, %, and %t, should be evaluated. The 
equilibrium values of 5, and err can be obtained by 
minimizing G, and G,, respectively. The equi- 
librium value of J can be obtained by minimizing 

G, as 

1-l = 1 + exp[(G, - G,, t i3AE,/a~)/kBT].(31) 

The degrees of adsorption like 4, and 6,. on 
the other hand, cannot be derived from a usual 
condition representing an adsorption equilibrium 
which is related closely to the solution of the 
Poisson-Boltzmann equation for a homogeneous 
charge distribution on membrane surfaces_ When a 
phase separation occurs. the charge distribution 
becomes quite inhomogeneous and it is not easy to 
derive expressions for 0,, and f&t, by solving the 
Poisson-Boltzmann equation. In the present the- 

Fig. 6. A possibility of phase separation. The Gibbs free energy G, is shown by a solid line and G, by a dashed line in molar units. The 
conditions are chosen as ,r, = 10 -‘M. ,I~ =2X 1O-5 M for (a) and (b). and 11, =O.Z M. ,I? ~0.1 M for (c). The parnmeters c>. t arc 
taken as 0.457 cal/mole deg. 2376 cal/mole corresponding to ~4 k,T. respectively. with c2 =O for (a) and 187.5 call/mole for (b) and 
(c). and the values for the other parameters for MPA as in fig. 1. A theoretical lower transition temperature (=36”C) and a higher one 
(~49°C) are denoted by T,’ and Tth_ respectively_ in (b). 



ory. therefore. we assume that the equilibrium 
values of B,, and B,, are nearly constant with 
respect to the temperature and determine these 
values so that the theoretical values of higher and 
lower transition temperatures agree with the 
observed values. 

Even for an inhomogeneous charge distribution, 
Trauble [4] suggested that the average value of the 
degree of adsorption over the specimen may not 
differ much from aZh for a homogeneous charge 
distribution. In terms of the present notation. this 
requirement can be expressed as 

e Ih=e,rS+e2fr(l -5). (32) 

with the aid of the equilibrium value of 1 given by 
eq. (31). As will be shown later, the values of Kr 
and f%, determined from the present scheme al- 
ways satisfy eq. (32), showing that our method of 
calculation is reasonable. _ 

In fig. 6, the calculated results of G, and G, are 
shown in molar units for tlie cases of ni = 10 _a M 
and 0.2 M, by choosing the vahte of a singie adju- 
stable parameter as e, = 0.457 Cal/mole deg. The 
values of degrees of adsorption &, and f& are 
determined as 0.435 and zero, respectively, so as to 
reproduce the observed vahres of higher T, (= 
49°C) and lower q (= 33°C). For these values of 

&, and t& the requirement expressed by eq. (32) 
is fulfilled quite well, because the value of the 
right-hand side of eq. (32) is 0.299 against BZh = 
0.304 at T= 47°C for n, = IO- 4 M. 

The present theory leads to the following three 
conchrsions on the phase separation: (i) In the 
absence of chelation, the theory does not predict 
the appearance of any phase separation. (ii) In the 
presence of chelation with n, = 10 -’ M, the phase 
separation is expected to appear between the do- 
mains composed of fluid CaZt -free lipids and the 
ones consisting mainly of ordered CaZi-chelated 
lipids within the temperature range between lower 
T, and higher T,_ (iii) When n, becomes as high as 
0.2 M, on the other hand, the phase separation 
does not appear because of the increase of domain 
-boundary energy accompanying the decrease of 
the screening length. 

5. Discussion 

From the present theory, taking account of the 
chelation between neighboring head groups of 
lipids through protons and Ca”, many observed 
data can be expIained comprehensively with the 
aid of known values of T,O, AA, AS and en_ The 
adjustable parameters used in the present theory 
are only two; one is cz related to the chelating 
through Ca” and the other is c, related to the 
boundary energy among domains in discussing the 
possibility of a phase separation. 

One of the reasons why chelation has not been 
taken into account in existing theories is that the 
ob_erved data on the total degree of adsorption of 
protons or CaZi to lipids can be explained fairly 
well without taking account of chelation 171. As 
can be seen from fig.4, on the other hand, the 
observed data of T, cannot be explained without 
introducing chelation through Ca2’ _ This con- 
tradiction can be solved if one notices that the 
effect of chelation on the total degree of adsorp- 
ticn is quite small. A detailed discussion is given in 
appendix 1 and some results are shown in fig. Al, 
where solid and dashed curves indicate the cases 
with and without chelation, respectively_ It can be 
seen clearly that there is little difference between 
these curves. 

The results shown in fig. Al may be understood 
intuitively from the following discussion. From eq. 
(lSb), the effective adsorption constant of Ca” 
can be defined by 

K 5” = K, exp( -2@) exp[&,(l - <)282/k,T]. 

(33) 

Under the conditions of, e.g., n, = lo-‘M, n2 = 
10 -’ M at T= 20°C. the value of Kz” is estimated 
as 

Kerr = K, exp(10.37) exp(O.75), Z for c2 = 187-5, 

Kerr = K, exp( 10.81), Z for z2 = 0. 

(34) 

Whereas there is only a slight increase of Ksrr in 
the presence of chelation, the increment of T, 
under the same conditions amounts to 4_S°C. 

The possibility of the appearance of a phase 



separation at low n, is first predicted by the pre- 
sent theory with the aid of Ca’“-chelation. The 
phase separation has been observed also between 
pH 2 and 3 for PA { 1,2], and it is supposed to 
occur through proton-chelation in the same way as 
for Caz+ . In biological systems, the phase separa- 
tion is known to play an important role in mem- 
brane fusion f31], cell growth 1321 and chem- 
oreception [33]. Since various kinds of Iipids and 
proteins are contained there, it may be expected 
that, in spite of high ion concentrations, a phase 
separation takes place more easily through protons 
or Ca2’ than in the one-component system in- 
vestigated here. 

In our theory, the phase transition is assumed 
to be a two-dimensional one and interactions 
among separate bilayers are not considered. But 
this simplification seems to be permitted even in 
the presence of Ca’” from the following fact: 
With the aid of the observed data for PG bilayers 
in the presence of Cazi [lo], one can estimate 
easily the Avrarni exponent 1343 as 2.5-2.8. As is 
well known [35], this value indicates that the phase 
transition occurs through a two- dimensional 
growth cf nuclei of the ordered phase. It may be 
reasonable, therefore, to expect that a similar 
situation also occurs for the phase transition in 
MPA or PA. 

Appendix 1 

Here, we show that the total number of Ca’; 
taken up by the membrane with intercalation does 

not differ much from that without intercalation. 
Let us denote the number of Caz” taken up by 
one lipid in the membrane by &; it may be 
composed of two parts [7J: 

(A-1) 

where S, is the number of Ca’? per unit area 
trapped in the electric double layer. S, is given by 

S, = n2ix{exp[ -2e+(x)/ka7’] - l} d-x. (A-2) 

where x is the spatial coordinate inside the water 
normal to the lipid membrane concerned, and 
q(x) is the electric potential at x. By integrating 
the Poisson-Boltzmann equation, d+,/dx is given 
by 123,251 

(-4.3) 

with the abbreviation 

rf = exp[e+(x)/k-,Tj . G‘-l 

Straightforward integration in eq. (A.2) with the 
aid of eqs. (A-3) and (A-4) gives 

Fig. Al. The dependence of the total concentration of Cax- trapped by membrxws on rhe CazL conccntrzxtion and ternperz~ture. 
Experimental data [7] are marked by 0 for rr, = IO-’ M and 0 for 0. I M, at T=ZOT (a) and SST (b). Theoreticnl curves are shown 
by a solid line with chelation and a dashed line without chelation. The parameters are those used for XfPA in fig. 1. 



where 9, r and n are defined by eqs. (lo), (15) and with constants j3t and & determined by the fol- 

(16). lowing boundary conditions: 
Since 5. 62 and Q are known by solving eqs. (9), 

(17b), (18b) and (19) at each temperature, e,, is 
obtained from eq. (A-1) with the aid of eqs. (4) 
and (AS). For two cases of c2 = 0 and 187.5 
cal/mole. the calculated results of &, for MPA are 
shown in fig. Al, where four conditions of tl, = 
0.1 M and 0.01 M at T=20°C (<T,) or .%Y’C 
(> T,) are chosen for variations of n7 from 10 -’ M 
to 10 -3 M. The theoretical curves ?n the case of 
cl- = 0 have already been given only numerically 
by taking A = 40 .kz and 46A2 at T = 20°C and 
5SC, respectively, by Woolley and Teubner [7]. 
From fig. Al, it can be seen that the values of &t 
for the two cases with and without chelation do 
not differ very much, in spite of a large difference 
of T,, e.g. as shown in fig.4. This fact shows that 
the chelation does not contribute to the adsorption 
of Ca” but to the increase of T,. 

nd = I, atl=OandJ= 1. (A-8) 

Since a phase separation can be observed when 5 
becomes somewhat large, eq. (A-7) can safely be 
approximated by nd = /?&-‘_ The number of lipids 
belonging to domain boundaries, on the other 
hand, is expected to be proportional to g’f2_ As a 
result, 6A would be proportional to g -‘/‘, which 
gives the net {-dependence of AE, in eq. (29). 

Appendix 2 

The expression of AE, given in eqs. (29) and 
(30) is obtained from the following scheme. In 
analogy with electrochemical free energy, the en- 
ergy to form a domain boundary with area 6A has 
the form: ’ 

hE, 0~ (Z-/A) Sar SA, (A-6) 

where 6a denotes the change in a from one do- 
main to the other and 2 is the effective molecular 
surface area. 

In the derivation of AE,, the effect of the 
presence of a charge gradient must be taken into 
account. When the mean surface area of the do- 
main boundaries per molecule, A,, is of compara- 
ble order with A, the effect of the charge gradient 
is not serious and, hence, the effective area 2 is 
nearly equal to A. When A, becomes extremely 
small compared with A, the main contribution to 
AEb comes from a drastic variation of the charge 
inside the boundaries. In this case AE, may be 
inversely proportional to A, instead of A. Since a 
macroscopic concept of domain boundary may 
lose its meaning when A, *12 becomes smaller than 
the Debye screening length X,, the lowest limit of 
A, can be taken as (A/A,)?&, where A, is the 
value of A at T,_ The factor A/A, comes from the 
facts that At, is proportional to A and also that the 
temperature range concerned is near T,_ Thus we 
can simply assume the following approximate rela- 
tion for A: 

Among the quantities appearing in eq. (A.@, 6a 
is nearly independent of temperature_ The area of 
the boundary region, 6A, is proportional to both 
the number of domains, ndr and the number of 
lipids belonging to the domain boundaries. The 
number of domains nd increases gradually with 
increasing g within the range where c is small and 
the nucleation of domains is the dominant process, 
but begins to decrease when { is increased further 
and larger domains grow at the expense of smaller 
ones [30,353. This tendency of nd may be expressed 
simply by 

I/.+= I/X’A =A,/h’,A -I- l/A. (-4.9) 

If we use the well-known expressions for h, in 
the presence of monovalent cations for simplicity, 
eq. (A.91 is reduced to eq. (30). For A we adopt eq. 
(4) for a homogeneous charge distribution to avoid 
unnecessary complexity. Combination of all of 
these dependences leads to eq. (29) for AE, with 
the parameter e5 as a measure of the strength of 
the boundary energy, 
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